Data Science and Statistical Modelling

Tutorial 3, Week 6 Solutions
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Let X have Uniform distribution on [0, 1], so that:
)1 ifxe]0,1]
Ix(@) = {O otherwise
Then,
1 1
w= / xe Tdx = / ze T fx(x)dx
0 0
= / ze T fx(z)dx
R
~E[xe™]
()
1. Simulate z1, ..., z, from a Uniform(0, 1) distribution

2. Calculate

n

1 s

fin = — > wie "
i=1
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We know from lectures that
Var (fi,) = E [(/ln - N)2] =

However, now
0% = Var (Xe )

with X ~ Unif(0, 1).

We will again use the standard formula for the variance:
Var (Xe ) = E [ (Xe ¥)*| ~E[Xe ]

We know that Monte Carlo integration is unbiased, so the second term is unchanged in value despite
the different problem formulation,

E[Xe X] =1-2e"" ~0.2642

So we just need:

E[(XG*X)Q} :/ 272 f () da

1
:/ z2e % dy
0



Using the hint in the question to save time on integration, we find:

1

1 —2x
/ e dr = {—e (227 4 22 + 1)
0 4 0

5 ., 1
= _Ze + Z
~ 0.08083
Therefore,
1
Var (Xe ) = § e (1-2¢)’
N—— T %12
E[(xe-x)2]  ElXe ]
21 3
gl _ L2 2
© 7YY Ty
~ 0.01101
Thus,
0.01101
Var (fi,,) ~
n
d
The width of the confidence interval for Monte Carlo integration is
o)
o
(,!/2 \/ﬁ

Letting o% and ny be the variance and simulation size under Exponential sampling, and ¢ and ny be
the variance and simulation size under Uniform sampling, we would need:

V4 9E = Z v
04/2\/@_ a/ZM
2
e _ 9
— nuy o 0’%]
ng  0.09078
nE _ —82
= oo o010l - o

So we would need to take 8.25x as many simulations from an Exponential to achieve the same accuracy
as using Uniform simulations!
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Given the probability density function in the question, we need to find the cdf:

. 0 ifxz<o0
Fx(z) = / az* tdz =< x> ifze0,1]
- 1 ifz>1

For example,
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Therefore, F~(u) = u=.

Hence,lwe simulate from this probability density function by simulating U ~ Unif(0, 1) and then return
X =u-.
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Let X have probability density function fx (x) as given in the question,

1 1
1
= ze Fdr = —axe * x)dzx
a /o o fx(x) fx(@)

= / a tem M ye™ fy(z) do

R

= / a x0T 2e % fy (x) dx
R

=E [a

—lX—()c—i-Qe—X]
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1. Simulate x4, . .., x, from the pdf given in the question, perhaps using inverse transform sampling
as described in (a)
2. Calculate

1 n
ﬂn —— § a—lx—a—&-Qe—z
n
i=1
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As for Q1(d) & Q2(c), we know from lectures that
Var () = E [(fin — p)?] = —
However, now
0% = Var (a_lX_(H'Qe_X)
with X simulated from fx(-).

We are told o = 2, so we want:
Var (0.5¢%) = E [(0.5¢%)°] ~ E [0.5¢%]?

We know that Monte Carlo integration is unbiased, so the second term is unchanged in value despite
the different problem formulation,

E[0.5¢7*] =1—2¢e7! ~ 0.2642

So we just need:

0.25e¢72% fx () dx

1
0.25¢ 2% x 2z dx

s
“[5

E[(0.5¢7%)’]

Il
o \\

1
- )} using hint
0
§ B é
~ 0.07425
Therefore,
1
Var (0.5¢™ %) = = — 32 _ (1- 26*1)2
L§_/ N———
E[(0.56—X)2] E[0.5¢—X]2
35 7
—get 222 L
e 8 e 8
~ 0.004426
Thus,
.00442
Var (/:Ln) ~ m
n
(e)
The logic is as for Q2(d). So,
0.09078
———— = 20.51
0.004426

4



So we would need more than 20x as many simulations from an Exponential to achieve the same accuracy.

0.01101

—— =24
0.004426 I

So we would need 2.49x as many simulations from a Uniform to achieve the same accuracy.
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1
9(2) = Sexp(—lzl) VreR

x
B = [ g2z
—o0
1 [ .
f/ exp(z) dz ifzx <0
_ 12/«
R I Y .
—+ - [ exp(—z)dz ifz>0
2732/,

The first integral is trivially e®. For the second integral, you can either use a simple symmetry argument,
or, to plough through the calculus directly we could use the substitution v = —2 = du = —dz and
limitsu = -0=0tou = —=z,

T —T
/ exp(—z)dz = —/ exp(u)du = —e"| =1-¢e"
0 0

Therefore,

Fy(z) = -
1—— ifz>0
The generalised inverse is thus,
Fl(u) = log(2u) %fu < %
g —log(2 —2u) ifu> 3

Hence, to inverse transform sample a standard Laplace random variable we would generate
U ~ Unif(0, 1) and compute F, ' (U) per above.

(b)

We require ¢ < oo such that

1
V2T

Both pdfs are symmetric about zero, so this is equivalent to:

2
exp <:C2) < gexp(f|x|) VreR

1 ( x2><c (—2) V€ 0,00)
exp | —— —exp(—= T , 00
Var P Ty ) =P



In other words, we require:

oo (5+0)
c= sup —exp|——+=x
z€[0,00) ™ 2

As ¥ — oo, the —z2 /2 dominates the +z, so the exponential term tends to zero and we can see there is
no problem in the tail.

Now,

2
a4 = g(1 — z)exp (—x + m) Simple chain rule application
dx m 2
d? 2 ? i
— =/—z(x—2)exp | —— +x Product and chain rules
dz? T 2

By inspection, d/dx = 0 <= z = 1 and at this point d? /dz? < 0 confirming this is a maximum. Hence,

/2 1
c=\/—exp <) ~ 1.3155
us 2

The following graph shows the standard Laplace distribution scaled by cin red, with the standard normal
in black, confirming that c satisfies the inequality.
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1. Set a + FALSE
2. While a is FALSE,



i. Generate U; ~ Unif(0,1)
ii. Compute
v {1og(2U1) if U, <
—log(2 —2U,) ifU; >

N~ D[~

which generates a proposal from the standard Laplace distribution.
iii. Generate U; ~ Unif(0,1)
1 2 X2
< z -4 x
U2 = 1315 \EGXP( 7 T |>

iv. If
3. Return X as a sample from N(0, 1).

then set a + TRUE

(a)

By Lemma 5.1, the expected number of iterations of the rejection sampler required to produce a sample
is given by c, so since here ¢ ~ 1.3155 < 1.521 we would favour using the standard Laplace distribution
as a proposal. The Cauchy proposal would require (1.521/1.3155 — 1) x 100% = 15.6% more iterations
to produce any given number of standard Normal simulations.
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By kindergarten rules of probability,

Pa<X<bNnX <z
Pla < X <b)

PX <z|la< X <b)=

Pla<X <bnNnX <z
F(b) — F(a)

Taking the numerator separately,

0 ifx<a

= F(z)—F(a) ifa<z<b

F(b)— F(a) ifz>b

Therefore,
0 ifr<a
_ ) F(x)-F(a) .
PX<z|la<X<b)=q 2/ -\ <z<
( | ) F) = Fla ifa<z<b
1 ifz >0



(b)

We simply want to find the generalised inverse of the cdf we just derived. So if U ~ Unif(0, 1), then we
solve for X in:

F(X) — F(a)

U=F0) = Fla)
(

= F(X)=U(F(b)— F(a)) + F(a)

)
U(F(b) -
— X=F" (U(F(b) ~ F(a)) + F(a))

©

For an Exponential distribution, F(z) = 1 — e~** and therefore F~!(u) = —A"!log(1 — u).

Truncatingto X € [1,00) = a = 1,b = oo, thus F(a) = 1—e~*, F(b) = 1 and so the inverse transform
sampler is:

(d)

Notice that the inverse transform sampler for the Exponential distribution truncated to [1, oo) is simply
1+ ( — A llog(1 -U )) ... in other words, inverse transform sample a standard Exponential and add 1!
This agrees with the well-known memoryless property of the Exponential distribution.

Note: obviously for other distributions it will not be so simple, this is a very special property of Expo-
nential random variables.

Q5

We first find E [h(X)].




This is to illustrate the importance of the requirement that g(-) be a pdf such that g(z) > 0 whenever
h(z)f(x) # 0 in order for importance sampling to be valid! This condition is clearly violated for the
choices of f(-), g(-) and h(-) above.

Q6
@
Ef[X]:/Qxf(:E)dm
1
:/ z(2x) dzx
0
2
"3
(b)

Var(i,) = Var(h(X))

Now h(X) = X here, and
Var(X) = E[X?] - E[X]?

We know E[X] from part (a), so just need,

E[X?] = / 22 f(x) dx
Q
1
:/ x2(2z) dx
0
_ 1
2
Thus,
1 /2)°
Var(X) = 3 (3) — = 0.0556
Therefore,
1
Var(fin) = —
ar(fin) = 7o~



©

=1
where )
w; = f(xl) _ Ly — 204_1I2_a

Thus, in full,

1 n
P —1,.3—«
fin = — E 2007 &
i=1

Next, for the variance, we know from lectures,

0.2
Var(fi,) = ;“7 where o

97 Ja g(z)

> /(h(x)f(x)—ug(x))zd

and recall that here h(xz) = « and from (a) u = % Thus, (not necessary to show all these small steps,
but providing full detail for solutions ...)

2 _ [ (h@)f(x) = pg())®
/ d

p— x
g9(z)
U (z(22) 2ozx"‘fl)Q
3
:/ p— dx
0 axr
1
4
2/ B (3;1:2 azr® 1) dx
0 9
1
4
:/ §o¢_1x1_“ (9954 6axa+1+a2x20‘_2) dx
0

/1 dox® 1 4gP 8g2
_ + L

0 9 o 3
4x* 4o 8z | .
=9 a(ﬁ—a)_Tr,O assuming 0 < oo < 6
__ 4 4
al6—a) 9

Note: the distribution g only required « > 0, but this variance calculation now only holds for « € (0, 6).
This arose because the = = 0 end of the integral is indeterminate for the term 25~ if o > 6 and ;L is
indeterminate if o = 6.

4 4
— Var(iy) = —— — — 0,6
ar(fin) na(6—a) 9In o €(0.6)

(d)

We are interested in values of o for which it is true that,

4 4 1
a6-a) 9°18

4 1
- a6 —a) <3
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Now, the variance only holds for a € (0,6), so a(6 — «) is always positive. Thus we may rearrange
without fear of flipping the inequality. So,

= 8< a(6—«a) forae(0,6)
= 0<(2—a)(a—4) forae(0,6)

Now (2 — a)(a — 4) is quadratic in « with negative coefficient on the square term, so this inequality
holds only between the roots.

Thus, the variance of importance sampling is smaller than standard Monte Carlo when using proposal
g(-|a) for any a € (2,4).
(e

@)
9ovt (%) = 1 )| ) i

Recall, here h(z) = x, so

|22

Gopt (¥) = —p - ——
() fol |z|2x dz

But, since f(z) is only non-zero on [0, 1], the absolute value can be dropped and we find the optimal
proposal is simply:
Gopt (7) = 322

Yes, this does belong to the family g(- | «), corresponding to the case o = 3.

Using part (c), this tells us the variance when using this estimator is:

4 4 4 4
V A,n - — — = 0
ar (fin) na(6—a) 9n  n3(6-3) 9In

Zero variance!?! Note, this implies that if I take even one simulation from g(- | @ = 3) that the estimator
/i1 will be exactly correct ... does this make sense? Yes! Because also from part (c), we have,

1 n
P —1,.3—«
fin = — E 207
i=1

1
=—) 2x3 'a}?
n
=1
By
nZ:13
_2—

Note: this is obviously a situation we would never be in when using importance sampling for a real
problem which actually required it! Usually, the optimal proposal is inaccessible to us, because to get it
we would need to be able to do the original integral anyway. The point here is to highlight that if we can
get close to approximating the optimal proposal, then clearly we can dramatically reduce the variance
of our estimator.
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Q7

Here, the weight for a sample z; from g will be:

~

w; = (i) _ de M A==z
g(z;)  me g

Now z; € [0, o) since the Exponential distribution is on the half real line. Notice the term e~(=m:
in order for the weights to be bounded for all possible x;, we need A —n > 0. Thus, the weights are only
bounded for n < A.
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